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Abstract

Given a convex function ¢ : Ry — IR, the Csiszar ¢-
divergence (Csiszar (1978)) is a function I : R} xR} — R,

Iy(p,a) =Y ¢ ¢(%)
i=1 g
I4 is a generalized measure of entropy, Aczél (1984), whose
distance-like properties make it useful in stochastic optimiza-
tion (Ben-Tal and Teboulle (1987)) and other applications
(Teboulle (1988)).

We establish relations between I; and three certainty
equivalents, the expected utility (EU) (Von-Neumann and
Morgenstern (1947)), the recourse certainty equivalent
(RCE) (Ben-Tal and Ben-Israel (1991)) and Yaari’s cer-
tainty equivalent (YCE) (Yaari (1987)). These relations
provide a duality framework for economics of uncertainty
and entropy, giving new interpretations and extremal prin-
ciples for Iy, EU, RCE and YCE.

Key words: Decision-making under uncertainty. Certainty
equivalents. Entropy. Csiszar’s ¢-divergence. Conjugate
functions. Duality. Insurance.

*Supported by the National Science Foundation Grant ECS-8604354.

TFaculty of Industrial Engineering and Management, Technion-Israel
Institute of Technology, Haifa 32000, Israel.

fRUTCOR-Rutgers Center for Operations Research and Department
of Mathematics, Rutgers University, New Brunswick, NJ 08903.

§Department of Mathematics and Statistics, University of Maryland,
Baltimore County Campus, Baltimore, MD 21228. The research of this
author was supported by AFORS Grant 0218-88 and NSF grant ECS-
8802239

1 Introduction

Decision making under uncertainty presupposes the ability to
rank random variables (RV’s) by associating with a RV X
a constant CE(X), the certainty equivalent (CE) of X.
The simplest such CE is the expected value of X, F X. In
expected utility (EU) theory, the CE is Fu(X), where u(-)
is the decision maker’s utility function .

Expected utility, as a paradigm for decisions under uncer-
tainty, has been criticized on many grounds, see e.g. Machina
(1987), and references therein. Recently various alternatives
to EU have been suggested in the literature, including the
the Yaari certainty equivalent (YCE), and the authors’
recourse certainty equivalent (RCE) (Ben-Tal and Ben-
Israel (1988), Ben-Tal and Teboulle (1986), discussed below.

Outside and independently of the economics of uncertainty,
the need to deal with uncertainty in other fields gave rise
to different methods and tools. In information theory the
main tools are entropy (Shannon (1948)), relative entropy
(Kullback and Leibler (1951)) and the more general notion
of divergence (DIV for short), Csiszar (1978), a cardinal
measure of “distance” between RV’s.

In this paper we establish relations between three objects
used in the study of uncertainty, namely E (expectation), CE
(certainty equivalent) and DIV (divergence). Each member of
the triple {E, CE, DIV} is the optimal value of an extremum
problem involving (the sum or difference of) the other two.
These extremal principles have concrete economic interpreta-
tions. They allow a duality theory for the models of economics
under uncertainty, new interpretations of entropy and a uni-
fied framework for the above CE’s.

LA more natural CE in EU theory is u~! Eu(X), given in the units
of X and not in “utils”



We turn now to specifics. Let the RV X, assuming values

L1, L2y+++,Tn

with probabilities
prob{X =z;}=p;, i=1,...,n

be denoted by

X =[x,p] (1.1)

,Pn)- The three CE’s

where x = (z1,...,2,), P = (p1,.--

mentioned above are:
1. The expected utility (EU), given a utility wu,

Bu(X) = Z piu(x;). (1.2)

2. The recourse certainty equivalent (RCE) ( Ben-
Tal and Teboulle (1986), (1987) and Ben-Tal and Ben-Israel
(1991))

Su(X) :=sup {z+ Z piu(x; — 2)}, (1.3)
z i=1

given a value risk function u. 2.

The (RCE) was introduced by Ben-Tal and Teboulle (1986)
,(1987) under the name New Certainty Equivalent. For an
interpretation, see Section 4.2, and for further details and
applications see Ben-Tal and Ben-Israel (1988). 3. Yaari’s

certainty equivalent (YCE) (Yaari (1987)),

Yi(lx,pl) = > f(F) A (1.4)
=1

given a function f : [0,1] — IR. Here

and
Ax;:=x;—x;_1, 1=1,...,n

For interpretations of Yaari’s Certainty Equivalent see Yaari
(1987) and Raell (1987).

Next comes the divergence measure. Let ¢ be a real val-
ued function defined and convex on the nonnegative real line.

2The use of the same letter u for utility in (1.2) and value risk
function in (1.3) facilitates the comparison between Eu(X) and Sy (X),
see Theorems 4.1 and 5.1 below.

The Csiszar ¢-divergence, Csiszdr (1978), is a function
I¢ : IR:L_ X ]Rr_:_ d IR,

Iy(p,a) = 3 ai (") (15)

having certain properties of a “distance” between p and q,
but Iy is not a metric: The triangle inequality does not hold,
and in general, for p,q € R,

Iy(p,q) # Is(q,p), *

However, for any ¢ : IRy — IR which is convex and normal-
ized i.e.

6(1) = 0 (L.6)
the adjoint function ¢°, defined by,
(1) =t9(3), VieR, (17)
is convex, normalized, and satisfies
Is(p,q) = Ise(q,p), Vp,q € RY, (1.8)

The needed properties of the ¢-divergence, and the adjoint
function, are proved in Section 2. We also require some results
from convex analysis, collected in Section 3.

Sections 4, 5 and 6 contain the main results, which are
briefly described below.

Let IP"™ denote the n-dimensional probability vectors,

P":={p=(p): peRL, Y p;i =1}, (1.9)
i=1
and let IP"}, denote the positive probability vectors,
P ={peP": p; >0, Vi}. (1.10)

Alsolet u : R — IR be closed, concave, and strictly increasing,
and let

QZS = —Ux,
where u, is the concave conjugate of u, Rockafellar (1970),

see Section 3 for definition. Then for any RV X = [x, p]|, the
RCE S, is,

(1.11)

Su(lx,p]) =

inf {Iy(q,p)+ Z qi i} (1.12)
elP i—1

3Thus Iy is a directed divergence from p to q, but we call it
divergence for short.



A corresponding result, in terms of the directed divergence
from p to q is

Su([x7p]> = lnf {I¢<>(p q +Z Qsz

q€ =1

(1.13)

where the adjoint ¢° is related to u through the convex con-
jugate of its inverse,

¢ = (u)", (1.14)
see Theorem 4.1. An analogous result for the EU is
Eu(fx,p]) = inf {Is(q,p)+ Z gz}, (1.15)
qEIRJr

see Theorem 5.1. A comparison of (1.12) and (1.15) shows
a surprising similarity between EU and RCE, in spite of the
marked difference in their implications for economic behavior
under uncertainty (see Ben-Tal and Ben-Israel (1991)).

Yaari’s certainty equivalent (1.4), see § 6, is simi larly de-
scribed, by a “dual” extremal principle involving expectation
and divergence. Let f : [0,1] — [0, 1] be strictly increasing,
closed and convex. Then

n

sup {>_piyi — I(Ay, Ax)} *
AyEIR+ =1

Yi(x,p]) = (1.16)

where ¢ = f*, the convex conjugate of f.
The converse results, expressing I, in terms of RCE and
EU, are given in Theorems 4.3 and 5.2. First the RCE,

Is(a,p) = i, {Su(lx,p]) = > qi i} (1.17)
and then the EU,
Is(q,p) = 81]1111) {E.( qu} (1.18)

xE

These results give I, as the optimal value of an insurance
plan, for an RCE maximizer and an EU maximizer, respec-
tively. In fact, I, has another representation in terms of RCE,
as the optimal insurance plan under budget constraints, see
Theorem 4.2.

4Note the analogy to (1.12) and (1.13), which can also be written
in terms of AP and AQ instead of p and q, where P and Q are the
= (P = 22:1 pi) and Q =

cumulative probability vectors, P

(Qi = Z;:

1 @)

A “dual” extremal principle, giving the ¢-divergence be-
tween difference vectors Ay and Ax in terms of Yaari’s cer-
tainty equivalent, appears in Theorem 6.2:

pzllll:lgn {Z Yipi — Yf([x p])}

I;(Ay, Ax) = (1.19)

where f(t) = ¢*(t).

It thus appears that Csiszar’s ¢-divergence, whose appeal
has so far been restricted to information theory and statis-
tics, is a fundamental concept in economics of uncertainty,
providing a unified framework for the certainty equivalents
considered here, and perhaps others. For the convenience of
the reader we collect below a list of acronysms frequently used

RV : Random Variable(s)
EU : Expected Utility
. . CE: Certainty Equivalent
in the sequel: DIV : Divergence
RCE : Recourse Certainty Equivalent
YCE : Yaari Certainty Equivalent

2 The ¢-divergence functional

Given a convex function ¢ : R4 — IR, the ¢-divergence

functional
D
=> (=)
i=1 i

was introduced in Csiszér (1978) as a generalized measure of
information, a “distance function” on the set of probability
distributions IP". The restriction here to discrete distribu-
tions is only for convenience, similar results hold for general
distributions.

The basic properties of I, are proved here under minimal
assumptions.

As in Csiszér (1967) we interpret undefined expressions by

(2.1)

6(0) = lim ¢(t)
0
0¢(6) =0
06(5) = limed(*)
= athj&@’ a > 0.

The following results (Lemmas 2.1, 2.2 and Corollary 2.1)
were essentially given by Csiszar and Korner (1982). We in-
clude the proofs for completeness.



Lemma 2.1 (Joint convexity) If ¢ : Ry — IR is convex,
then I,(p,q) is jointly convex in p and q.

Proof. Let f(z,y) = y¢(§) It suffices to show that f(z,y) is
jointly convex in z and y, i.e. for any (z,vy), (u,v) € IRi, 0<
A<,

- Az + M T < U
Ay + A —) <A —)+A — 2.2
O+ 30) 6T 5 < dye() +Jua®) (22
where A := 1 — \. By the convexity of ¢,
A+ \u Ay x ow
d(—=) = o ——+ ~——)
Ay + v Ay+Avy  Ay+ v
x U
- /\y+5\11y¢(§)+)\y+5\vv¢(;)

which, when multiplied by Ay + Av, gives (2.2). O

Lemma 2.2 Let ¢ : Ry — IR be convex. Then for any

p, q € RY,
n n
i—=1Pi
o) > (a0 (S ) (2.3
i—1 Zi=1 qi
If ¢ is strictly convex, equality holds in (2.3) iff
p_p2_  _Pn (2.4)
q1 q2 Adn
Proof. By Jensen’s inequality, for A = (\;) € P",
Do Aid(w) = (> Niw) (2.5)
i=1 i=1
with equality, for strictly convex ¢, iff z;1 =20 =+ =z,

Choose
qi Di
A = T; = —

ZCIf ' q;

then (2.5) gives

sa (Zee(3))2¢(55)

which is (2.3). O

Corollary 2.1 (Nonnegativity) Let ¢ : Ry — IR be con-
vex and normalized, i.e.,

(1) =0 (2.6)

Then for any p, q € IR!} with

n

Spi=> g (2.7)
i=1 j=1
we have the inequality
I4(p,q) >0 (2.8)
If ¢ is strictly convex, equality holds in (2.8) iff
Di = ¢, Vi. (2.9)

Proof. By Lemma 2.2,

Iy(p,q) > () q;)6(1) =0

with equality iff (2.4), which under (2.7) is equivalent to (2.9).
O

In particular, if p,q are probability vectors, then (2.7) is
assured. Corollary 2.1 then shows, for strictly convex and
normalized ¢ : Ry — R,

Is(p,q) > 0 Vp,qe€P”,
= 0 iffp=q

(2.10)
(2.11)

These are “distance properties”. However I, is not a metric:
It violates the triangle inequality, and is assymetric, i.e. for
general p,q € R},

I4(p;q) # 14(q,p) (2.12)

However, symmetry holds for the divergence Iy + I4o, where
¢° is the adjoint of ¢. Properties of ¢° are collected in the
following lemma, whose proof is omitted.

Lemma 2.3 (Properties of the Adjoint) Let ¢ : Ry —
IR be convex, ¢(1) =0, and define the adjoint of ¢ as

6° (1) ::t¢(%)7 t>0. (2.13)
Then:
(a) ¢°° = ¢.
(b) ¢°(+) is convex.
(c) °(1) =0
(d) For any p,q € IR},
Iy(p,q) = Ipo(q,p) O (2.14)



In the examples below we get, for suitable choices of the ker-
nel ¢, some of the best known distance functions Iy used in
mathematical statistics (Justice (1986), Kapur (1984)), in-
formation theory (Burbea and Rao (1982), Gallager (1968),
Shannon (1948)) and signal processing (Frieden (1975), Leahy
and Goutis (1986)). For such ¢ we also write the adjoint ¢°.

Example 2.1 (Kullback-Leibler) For

o(t) :=tlogt, t>0, (2.15)
the ¢-divergence is
- D
Iy(p,a) =Y pilog o (2.16)
i=1 g

the Kullback-Leibler distance, Kullback (1959), Kullback
and Leibler (1951). The adjoint of ¢ is

1 1

In particular, for

1
ey —)

n

p=(-,

S|
3=

the ¢°-divergence I4o gives the negative Shannon entropy

of @ = (q1,92,---,Gn), Shannon (1948), plus the constant
logn,
Igo(pya) = *Xn:qlogi
o = "4
= Z q; log q; + logn (2.18)
i=1
Example 2.2 (Hellinger) Let
o(t) == (1—Vt)? t>0. (2.19)
Then I, gives the Hellinger distance, Beran (1977),
Iy(p,a) = Y (VP — V@) (2:20)

i=1

which is symmetric. Here ¢ is self-adjoint,

¢° =0

Example 2.3 (Renyi) For a > 1 let,

o(t) =1, t>0. (2.21)
Then .
Ii(p,a) =Y (p)* (@)™ (2.22)
i=1
the a-order entropy, Renyi (1961). The adjoint is
¢o(t) =t (2.23)
Example 2.4 Let
() = (t—1)% t>0, (2.24)
with
"L (p2—¢?
Iy(p,a) =) ( ” > (2.25)
i=1 t
the x2-distance. The adjoint is
1
(¢ _ \/E_ T \2
¢°(t) ( \/Z)
el
B t
Example 2.5 Let
o(t):=|t—=1], t>0, (2.26)

which is self-adjoint, ¢° = ¢. The corrseponding divergence,
called the variation distance, is symmetric

n
Iipa) =Y |pi—a| (2.27)
=1

Example 2.6 (Indicator function) Let o < 1 < § (a0 <

0) and let
[0 ifa<t<p,
(1) = { 0o otherwise, (2.28)
the indicator function of the interval [, 3], denoted by

0(t | [a, B]). The adjoint ¢° is likewise an indicator function,
11
) =46t |=,—|)
o=t |5.2)
The corresponding divergence is

0 ifag%gﬁ, Vi=1,...,n

00 otherwise (2.29)

I4(p,q) ={



3 Convex analysis

This section contains required results from convex analysis.
For a function f : IR™ — IR, we recall the definitions of con-
jugate functions, Rockafellar (1970):

P = sup {yx— f(x)} (31)
the convex conjugate,
fuly) = mf {y-x—f(x)} (3:2)

the concave conjugate .

The conjugacy operation is fundamental to derive duality re-
sults. For various interpretations and applications the reader
is refered to Rocakfellar (1970) and Roberts and Varberg
(1973).
The following lemma, whose proof is omitted, is useful in the
sequel.

Lemma 3.1

(a) ¢ convex — (_¢)*(x) = _d)*(_x)» vz,
(b) u concave = (—u)*(z) = —us(—z), Vz. O

Some odd properties of conjugates and inverses are collected
in the following theorem. Of particular interest is (the seem-
ingly new) part (d), giving the conjugate of the inverse func-
tion.

Theorem 3.1 Let u :
concave. Then:

(a) dom u,. C Ry

(b) dom (u=')* C R4
(c)y € dom (u™")* <= | € dom u, , for ally >0
(d) For ally >0

IR — IR be strictly increasing and

(™))

“yu () (33)
= —(ux)%(y), see (2.13).
Proof. (a) By Rockafellar (1970), §24,
ri (dom wu,) C range Ou C dom u.,

(where ri denotes relative interior and Ou is the subdifferential
of u) and by the monotonicity of w,

range Ou C IRy
c Ry
c R;

. 1i (dom wy)

. dom s

(b) Similarly proved.
(¢c) Suppose

{z: us(z) > —0c0}

{t: (u™)"(t) < oo}

Then for any M > 0 there exists s = s(M) such that

— edom u, :=
Yy

but y ¢ dom (u™1)* =

sy—ut(s) > M

Let t = u~1(s).
Cult)y—-t > M
t M
- —u(t) < —— (sincey >0
; (t) y( )
1

¢ dom us, a contradiction.

Y

The converse is proved similarly.
(d) By definition of the convex conjugate we have :

W)y =

= sup{ty—s:s=u"'(t)}
t,s

sup{ty — u (1)}

= SISlp{y u(s) — s}

. s 1

= —ylnf — —uls = —YUx|—

it (5 - u() ()
forally >0. O

An illustrative application of Theorem 3.1(d) is the following
result, describing the inverse function as an extremal value.

Corollary 3.1 Let u :
concave. Then

IR — IR be strictly increasing and

u”H(t) = sup {ot = (u)*(2)}

(3.4)

Proof. Taking the convex conjugate of both sides of (3.3)
and using (2.13) the result follows. O

Example 3.1 Let

u(t) =logt —¢, ¢>0.

The inverse u~! cannot be computed analytically, however

we can calculate its conjugate (u~!)*. Indeed, the concave
conjugate of u is

us(x) =14+log (1+z), (x>-1)



and, by (3.3),

(u™H*(x) = zlog 1 i s (x >—-1)

A “companion” of Theorem 3.1(a) is the following:

Lemma 3.2 Let ¢ : R — IR be convex. Then
(a) dom ¢ C R, = ¢* is nondecreasing.
(b) dom ¢ C Ry = ¢* is increasing.

Proof. (a) Let y2 > y;1. Then, by the gradient inequality for
the convex function ¢*,

" (y2) — " (y1) > (Y2 —w1)y", Vy* € 99" (y1) C range (8¢*)
3.5
But

ri (dom ¢) C range 9¢* C dom ¢ C R4

For y* € 0¢*(y1) we therefore have y* > 0, and by (3.5),

¢ (y2) = ¢* (1)

(b) Similarly proved. O.
Remark. If in Lemma 3.2(a) ¢ is essentially smooth in R4
(see Rockafellar (1970)), then ¢* is strictly increasing.

In the following theorem we introduce a functional (3.6),
needed in the sequel, but of interest in itself.

Theorem 3.2 For h: R" — IR define hy : R" — IR by

hi(y):= sup {z+h(x—ze): y-x=0} (3.6)
ze R

x e R"”

wheree” = (1,1,...,1). Then for anyy € R" with Y y; # 0,

y
hy(y) = —h. 3.7
+(¥) (Z yi) (3.7)
N
Proof. Let v := S Then
—hi(v)=— inf {v-u-h(u)} (3.8)
uc
For any u € R" let
z = —v-u (3.9)
X = u+ze (3.10)

Then v-x=0sincee-v =1.

inf

zeR
x e R"
v-x=0

{z+h(x—2ze)}. O

— hy(v) {—z—h(x—ze)},

= sup
zeR
xeR"
v.-x=0

If h is strictly concave and continuously differentiable, we can
get explicit expressions for the optimal z* and x* in Theo-
rem 3.2. Indeed, by differentiating the infimand in (3.8), it
follows that the optimal u* satisfies

v = Vh(u")
Lut = (VR H(v)
= (Wh) ()

ey
Therefore, by (3.9) and (3.10), the optimal z* and x* are

* _ T *:_L —1 L

¢ = —viu e~y(Vh) (e~y)

= wrem (1-9 (Vh)~ (=)
ely e-

where P,. is the orthogonal projection perpendicular to e.
Similarly,

Vh)y ™ (=) = Py (VA) " (=)

AN 3.11
ely ey ey (3.11)

where P, is the perpendicular projection along e.

4 The recourse certainty equivalent

In this section we relate the recourse certainty equivalent
(RCE), see (1.3), and the Csiszar ¢-divergence, (2.1).

Given a strictly increasing and concave u : R — IR, the
function ¢ defined by

O = —Uy
is convex, and by Theorem 3.1(a), ¢ : Ry — IR. For such

u, ¢, an extremal principle for the RCE S, in terms of Iy is
given in Theorem 4.1, and interpreted in Section 4.2.

(4.1)



Conversely, for a convex ¢ : IRy — IR, the function u de-

fined by
u(t) i= —¢ (~1) (12)

is, under certain assumptions on ¢, concave. Theorem 4.2
then gives an extremal priciple expressing I, in terms of S,,.
The economic interpretation, in Section 4.4, is that Iy is the
optimal value of an insurance plan, for an RCE maximizer.

4.1 An extremal principle for the RCE

Theorem 4.1 Let u : R — IR be strictly increasing, closed
and concave, and let ¢ = —u, and ¢° = (u~')*, see Theo-
rem 3.1(d). Then for any RV X = [x, p],

Su([X’ p]) = inf {Iti) q, P + Z qi xl (43)
qE]P
= lnf {I¢° P,q + Z qi xz} (44)
qe
Proof. In the problem
inf  {ly(q,p) + Z qi i}
>g=1

the objective is convex in q and the constraints are linear.
Therefore the optimal value is equal to the optimal value of
the Lagrangian dual problem,

JFZQi!CiﬂL)\(l*Z 4} =

sup inf {I(q,
1 inf {Iy(q, p) 2

+th (x; = X) + A}

+ Z p7,¢ qz
2) —m(}%)}}

7

= bup 1nf {I¢ q,p
= sup {A+ Z mf {ql x; —
. 4di
= A+ i inf {— (z; —
sup { Z pi inf (> (@
= sup A+ Z pi it {t (e = A) — ue()}}
= bup {)\—&—Zpl Usr (T3 — )}

(since dom ux C Ry, Theorem 3.1(a))
= sup{A+ Eu(X —\)}
A

(4 = Uy since u is closed concave)

= Su([X, pD

The equality (4.4) follows from (4.3) and (2.14). O
An infinite dimensional version of this theorem was proved

in Ben-Tal and teboul le (1987).

4.2 A duality interpretation

We recall from Ben-Tal and Ben-Israel (1991) that, for a RV
X, the RCE S, (X) is the optimal value of the problem
“Z S X’7} (P)
where optimality is in the sense of recourse or two stage op-
timization (Dantzig (1955), Dantzig and Madansky (1961)),
using the value risk function u to account for the stochastic
constraint

sup {z:

“Z S X”'
We interpret the RHS of (4.3) as the following dual of (P),
(D)

inf {z: “2> X"}

where the stochastic constraint

Y (4.5)

is “enforced” by using a stochastic penalty function, Ben-
Tal (1985).
Given the RV
X =[x,p]

and z, define the subset of probability vectors

R{z}:={qeP": z> Z q; i}, (4.6)

representing the set of RV’s

{Z=1[xd: qe R{z}}
with the same support as X, which satisfy (4.5) “in the
mean”.
We then interpret the problem (D) as

inf {z+ P(2)} (D1)

where P(z) is the penalty
P(z) := “dist” (p, R{z}) = “dist” (q, p) (4.7)

inf
R{z}
and “dist” is the “distance” induced by the ¢-divergence,

P(z)= inf I4(q,p)

4.8
qER{z} (4.8)



Therefore, the problem (D1) is

inf
z
q € R{z}
= inf inf

qelP” 223" ¢
= inf {ls(a,p)+ ) @}
aclP

{z+Is(a,p)} =

{z+14(a,p)}

which is the RHS of (4.3).

4.3 Two extremal principles for the ¢-

divergence

Theorem 4.2 Let ¢ : Ry — IR be convex, with dom ¢ C
R,. Define

u(t) = —¢"(-1) (4.9)
= —sup {(—t)z — o(x)}
= inf {tz + ¢(z)} (4.10)
Then for any p,q € IP",
Iy(q,p) = sup  Su([x,p]) (4.11)
x € R"
q-x=0
Furthermore, if dom ¢ = @, define the function v by
v(x) = (¢*) (@), (4.12)
see Lemma 3.2. Then for any p,q € IP",
I4(p,q) = sup Sy ([%,P]) (4.13)
x € R"
q-x=0

Proof. The RHS of (4.11) is

sup sup {z + Z piu(z; — z)}
i

qx=0 =z

Define
h(z) == Z piu(z;).

Then,

RHS of (4.11) = hi(q) see (3.6)

= —h«(q), by Theorem 3.2,

= — inf {Z q; T; — Z piu(z;)}
xR i i

= - Z i}ﬁlf {gizi — piu(z:)}

- Z p; inf {& x; —u(z;)}
p Ti  Pi
4qi
= - Di Us\—
2ty

qi
- pi (ZS —)>
> o
by (4.9) and Lemma 3.1
= Iy(a,p)

Theorem 4.3 Let ¢ : Ry — IR be convex, and let u be
defined by (4.2). Then for all p,q € IP",

Io(a,p) = sup {Su(Bx.pl) = Y aiwi}

xEB

(4.14)

Proof. For g : IR" — IR define g : R™ — R by

9(y) == sup {z+g(x—=ze)—y-x}

zeR", zelR

where e = (1,...,1). Then,

aly) = IS‘;lIZU{Z-Fg(W)—y-x: X —ze=w}
= sup {z+g(w) —y - (w+ze)}
= sg}p{g(W)—y-W}JrSgp{l—y-e}Z
= —g(y)ify-e=1.
Define

g9(z) = Zpi u(;)
Then,

RHS of (4.14) = —g.(q) (since qu: 1)
= —inf {Z g v; — piu(r;)}
= —Zpi inf {%mz —u(z;)}

= _Zz:pzu*(lq?:)



;pi (b(pz

I4(q,p) O

qz) (by (4.9) and Lemma 3.1)

4.4 The ¢-divergence and optimal insurance
plans

We recall here the insurance model of Ben-Tal and Ben-Israel
(1991), §9. The elements of this model are:

n states of nature

p = (pi1,...,pn) their probabilities

qi = premium for 1$ coverage in state 7, g; > 0
B = insurance budget

g =q/ Z;.lzl g; = normalized premium

B =B/Y| |3 =normalized budget

T; = income in state ¢

X = (Z1,...,T,) the decision variable

The insurance problem, for an RCE maximizer, is

max Sy ([%,p]) = >; @i T

st. >, ¢; T = B, the budget constraint (INS)
Changing the decision variables from Z; to,

we can rewrite (INS) as

max Sy([x+ Be, p]) — B
st. >, ¢ixz; =0, the normalized budget constraint

which, by the shift additivity of S,, Ben-Tal and Ben-Israel
(1991), Theorem 2.1(a), reduces to

max Sy, ([x, p])
s.t. Zz q; Ty = 0

the RHS of (4.11).
By Theorem 4.2 the ¢-divergence functional,

Iy(q,p), p,qeP”

can be interpreted as the optimal value (for an RCE maxi-
mizer) of an insurance plan, subject to the budget constraint
> ¢ixz; = 0. Here p is the underlying probability vector,
and q is the vector of normalized premiums. Alternatively,
by Theorem 4.3, the ¢-divergence can be interpreted as the
(unconstrained) optimal value (for an RCE maximizer) of in-
surance coverage minus insurance costs (compare with Theo-
rem 5.2).
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5 Expected utility

In Section 4 we established relations between the RCE S,
and the ¢-divergence, where u and ¢ are related by (4.2) or
(4.1). Very similar relations hold between the EU and the
¢-divergence. This is unexpected, in view of the great differ-
ences between the RCE and EU, see Ben-Tal and Ben-Israel
(1991).

Theorem 5.1 Let u : R — IR be strictly increasing, closed
and concave, and let ¢ = —u,. Then, for any RV X = [x, p|
with p € IP'}, ,

Eu([x,p]) = qérlll'f{:_ {{y(a,p) + ; i T}, (5.1)
Proof. The RHS of (5.1) is

qg]leii {Z Pi@b(}%) + Z Giwi} =
S b o )
Z pi

Z Di s (2;), since domu, C Ry

)+ ¢(

_ G,
pi pi
inf {x;t — u.(t)}

t>0

Zpiu(xi) = Fu(X). O

The representation of EU given in Theorem 5.1 can be inter-
preted in a similar fashion to the interpretaion of RCE given
in Section 4.2. The only difference is that the set R{z} is now
defined by

R{z} :={qeR}: 2> Z i T},

instead of (4.6). Theorem 5.1 is illustrated, for the logarithmic
utility, as follows.

Example 5.1 (logarithmic utility) Let

u(z) =log (1 + x) (5.2)
Then, by (1.11) and (3.2),
o) = —u.(t)
= —wi>n:f1 {tx —log (1+z)}
= t—logt—1 (5.3)



For this ¢, and any p,q € R"},

Is(p,a) = @ ¢ (—
P 4
= > a [P s
qi qi

= pi f) (5.4)
i=1 i=1 i=1 '
In Theorem 5.1, p € P}, , so by (5.4),
n n qz
p)=)_ qi—l—Zpilog(;) (5.5)
i=1 i=1 ¢

Therefore,

RHS of (5.1) = mf { 1—|—Z qi— Z p; log (
q€

n
%)‘*‘Z qixi}
pi 3

=1 =1
(5.6)
By differentiating we find the minimizing q
N
%= T

which, when substituted in (5.6), gives

> pilog(1 + ;)

=1

Eu([x, p])

Theorem 5.2 Let ¢ : Ry — IR be convex, and let u be
defined by (4.2). Then for all p € IP", q € R,

) = sup {Z piu(wi) — Z qiTi}
xelR" =1 i=1

Proof. The RHS of (5.7) is

> pisup {u(z:) -

> pisup {—¢*(~a)

3 pisup (Lt -
Z t  Pi

pi " (—

2. 7o)

RHS of (5.1)

Is(a,p (5.7)

qi
LIRS Qe
Di Z}

i

¢ ()}

=I4(q,p) O
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Example 5.2 We illustrate Theorem 5.2 for the logarithmic
utility (5.2) of Example 5.1. For that u,

sup {>_ p; log(l+ ;) —
xER" i=1

RHS of (5.7) =

i=1

The maximizing X is

bi 4

di

Ty =
which, substituted in (5.8), gives

szlog va+2%

I¢(q, pP), by (5.5), since p € ]P”

RHS of (5.7)

In Subsection 4.4 we interpreted the ¢-divergence I,(p, q) as
the optimal RCE value of an insurance plan given the proba-
bilities p and the normalized premiums q. We can similarly
interpret Theorem 5.2 in terms of optimal insurance plans,
where the objective is to maximize expected utility. Let x,p
and q be as above. The insurance problem, for an EU maxi-
mizer, is

expected utility cost
up, { D piulw) =) aiz} (5.9)
xE

which is the RHS of (5.7).

Remark. The ¢-divergence DIV was given above in terms
of a certainty equivalent (RCE or EU) and the expectation
E, see Theorems 4.3 and 5.2. Analogously, these CE’s were
given in terms of DIV and E, Theorems 4.1 and 5.1. These
extremal principles are symmetric in E, CE and DIV in the
sense that each can be expressed in terms of the other two.
For example, we can express E in terms of RCE and DIV as
follows,

E([xq)= sup {> piu(z;)
pG]Rn

—I4(a,p)}

%

6 Yaari’s certainty equivalent

Consider a random variable X = [x,p]. The cummulative
distribution is:
Fi=Y pj, i=0,....,n. (6.1)
§=0



where pg := 0 and the corresponding decummulative distri-
bution is

Fiy1:= Z pj=1-F

i=0,....n (6.2)
j=i+1
where F, 11 := 0. Let f: [0,1] — R be a convex function.
For the given vector x = (1,22, ...,7,)" define

A.’Ei =T — Ti—1, izl,...7n

where 7o := 0, and denote Ax = (Azy,...,Ar,)T. The
certainty eqivalent of Yaari, Yaari (1987), is then defined as
follows

~ Y #(F) A, (6.3)
i=1
Without loss of generality we assume that
T <To<: < ZTp, Y1<Y<-<Yn
Consider the ¢-divergence between Ax and Ay :
I4(Ay, Ax) == Z Az; ¢ izi (6.4)
(From Corollary 2.1 it follows (for ¢(1) = 0) that

I;(Ay, Ax) >0

with equality if and only if Az; = Ay;, i =1,...n, i.e. if and

only if x; =y, foralli=1,...,n

Theorem 6.1 Let f : [0,1] — [0,1] be strictly increasing,

closed and convex, and let f(t) = ¢*(t). Then for any RV
X = [xp]
Yi([x,p]) = sup {sz yi — Io(Ay, Ax)} (6.5)

ayeRY =1

Proof. Consider a RV Y = [y, p].
follows that p; = F; — F;11 and thus

Zpiyi =2Fi Ay;

From (6.1) and (6.2) it

Now,

Ayz

RHS of (6.5)
Ay>0

sup {Z F; Ay; — Z Ax; ¢
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Ay;
Az,

Ay;
Al’i

ZA;& sup {F;

Ay; >0

— ()}

ZAmZ sup {F;t—¢(t)}

tedom ¢
(since Ry D dom ¢ = dom f*)

> Az ¢ (F,

(since dom ¢ C TR, )
Z Az; f(F;)

Yy ([x,p))

¢ : Ry — IR be convex and strictly in-
@*(t). Then for all Ax, Ay € R",

O

Theorem 6.2 Let
creasing, and let f(t) =

I4(Ay, Ax) = sup {Zyzpz Vi ([x,p))} (6.6)
pGan
Proof
RHS of (6.6) =  sup {ZAylF2 ZAZ‘Z
0<F<1 5
Ay; =
= Ax; sup F, — f(F;
Do Aw s (33 Fi- 1)
Ay;
Zij 7 ¢ 5,)
~ I(Ay,Ax) ©
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